Due to the interference effect, the reflectance and transmittance of an arbitrary linearly polarized wave cannot be fully described by the reflectance and transmittance of transverse electric and transverse magnetic waves. In this work, the polarization dependence of reflectance and transmittance for anisotropic metamaterials is examined. The explicit mathematical relationship between the Fresnel coefficients and the reflectance (or transmittance) for a given polarization angle is derived. A method is presented that can be used to obtain the reflectance (or transmittance) for any polarization angle from three other polarizations. Several different anisotropic metamaterials are numerically investigated with the finite-difference time-domain technique to elucidate the polarization dependence of reflectance or transmittance. The reflectance and transmittance obtained from the three-polarization-angle method are in agreement with those from the rigorous numerical simulation. 
to manipulate light propagation. For metamaterial absorbers designed for energy-harvesting purposes, patterns with polarization-independent radiative properties may be preferred [1, 6, 13, 21, 22] . However, some shapes can induce a polarization-dependent response and can be used to design metamaterials with polarization control ability. These structures have recently attracted a lot of attention for their potential applications in plasmon-enhanced solar cells [11] , nonlinear optics [23] , holography [24] , chemical sensing [25] , one-way transmission [26, 27] , anomalous refraction [28] , and Fano resonances [29] . Polarizationdependent emissivity can also be achieved using anisotropic metamaterials, since the emissivity is equal to the absorptivity following Kirchhoff's law [30] . Knowledge of thermal radiative properties is critical for applications such as material processing [31] and spacecraft thermal insulation [32, 33] . Since the absorptivity can be obtained from the reflectance and transmittance by energy balance, the emissivity as a function of the polarization angle can be calculated once the polarization-dependent reflectance and transmittance are known. To determine the radiative properties of metamaterials with anisotropic shapes, it is important to understand the polarization-dependent reflectance and transmittance.
The reflectance and transmittance exhibit an extreme when eigenmodes are excited [34, 35] ; and for other polarizations, the reflectance and transmittance can be decomposed to that of the eigenmodes. Thus, it is critical to identify the eigenmodes associated with those shapes. To excite the eigenmodes, the incident wave should be at the eigenfrequency corresponding to the polarization status. For a metallic rod, the two eigenmodes can be excited at two eigenfrequencies when the electric field of the incident wave is along the long and short axes, respectively, and those two polarization states are the two eigenpolarizations. However, identifying the eigenpolarization can be very difficult when the shapes are asymmetrical.
Consider the film-coupled metamaterial structure shown in Fig. 1 under illumination of a linearly polarized plane wave. The unit cell is made of L-shape metal pattern of thickness h, separated from a metal ground plane by a dielectric film of thickness d. If the L shape is symmetric in the x and y directions (i.e., with respect to the diagonals), the reflectance of the transverse electric (TE) and transverse magnetic (TM) waves is equal for normal incidence. Here, the azimuthal angle ϕ for normal incidence is chosen to be 0 deg such that the x − z plane defines the plane of incidence (POI). However, when the polarization angle ψ, which is the angle between the POI and the electric field of the incident wave, is rotated, the reflectance extrema appear at 45 and 135 deg [36] , which are the eigenpolarizations of the symmetric structure. On the other hand, if the arms of the L shape are not equal (l x ≠ l y ), the dependence on polarization angle becomes more complicated and it becomes difficult to identify the eigenpolarizations. Though the matrix method for an anisotropic medium [37, 38] may be applied for metamaterial analysis, obtaining the matrix can be difficult and it is more convenient if the reflectance and transmittance can be directly used to identify the eigenpolarizations. Thus, it is important to explore the relationship between the reflectance (transmittance) and the polarization angle for general anisotropic metamaterials.
For isotropic nonmagnetic materials, the reflectance of a linear polarized wave with a polarization angle ψ can be related to the reflectance of a transverse electric wave and a transverse magnetic wave by R ψ R TE sin 2 ψ R TM cos 2 ψ; and the relation R TM ≤ R ψ ≤ R TE holds according to the Fresnel's coefficients [39] . However, these rules are not applicable for anisotropic metamaterials. The polarizationdependent reflectance or transmittance of anisotropic metamaterials has been observed by a number of researchers [2, [8] [9] [10] [11] 18, 34] . Chen et al. [8] investigated plasmonic switching and electromagnetically induced transparency with complex patterns. Cao et al. [9] studied the hybridized modes in a tri-rod nanostructure and polarization-dependent transmission. Husu et al. [34] discussed the eigenmodes in symmetric L-shape metamaterials based on the field distributions, but the way to identify the eigenmodes from reflectance (or transmittance) for asymmetric shapes was not addressed. Sung et al. [18] experimentally demonstrated polarization dependence and birefringence effects of a symmetric L-shape metamaterial. Nevertheless, the relationship between the reflectance (or transmittance) and the polarization angle for general anisotropic metamaterials is still unclear.
In the present work, analytical expression of the reflectance or transmittance of a linearly polarized incident plane wave is derived as a function of the polarization angle. The reflectance or transmittance extrema are presented. A three-polarization-angle method is proposed to obtain the reflectance or transmittance for any polarization angle using the reflectance or transmittance of TE, TM, and another polarization status. The results are compared with rigorous electromagnetic wave simulations using the finite difference time-domain (FDTD) method. Polarization-independent reflectance of metamaterials made of regular polygons is also demonstrated.
II. Reflection and Transmission
For reflection analysis, as shown in Fig. 1a , the direction of a linear polarized incidence is characterized by the incident wave vector k i with polar angle θ and azimuthal angle ϕ, whereas the polarization angle ψ−π < ψ ≤ π describes the polarization status based on the angle between the POI and the electric field. Thus, TE and TM incident waves correspond to ψ 90 and 0 deg, respectively. Due to the near-field coupling effect, the reflected wave generally has a different polarization status with the incident wave [40, 41] and is generally elliptically polarized. Note that the focus of this study is on the reflection or transmission, and not the polarization status. For a plane wave with arbitrary polarization incident from a vacuum to a medium, the incident and reflected electric fields can be expressed as [37, 42] 
where superscripts i and r denote incidence and reflection, respectively; andŝ andp are the unit vectors in the electric field direction for TE (s-polarized) and TM (p-polarized) waves, respectively. It can be shown thatŝ
for either incident or reflected waves. Those two vectors can be used to describe the polarization status of incident and reflected waves, no matter whether they are linearly polarized or elliptically polarized. The general Fresnel's coefficients are defined by
where α s; p and β s; p. The copolarized reflection coefficients are r ss and r pp , whereas the cross-polarized reflection coefficients are r sp and r ps . The first and second subscripts describe the polarization status of the reflected and incident waves, respectively. For an isotropic medium, no cross polarization can occur; thus, r sp r ps 0. Due to the anisotropy of the medium, in general, the reflected wave contains both s and p components, although the incident wave is either purely s or p polarized. Therefore, the reflectance consists of contributions from both TE and TM waves. For an incidence with polarization angle ψ and unit field amplitude, one obtains (by omitting the exponents)
E r ψ r ss sin ψ r ps cos ψŝ r r sp sin ψ r pp cos ψp r (6) ZHAO, SAKURAI, AND ZHANG Thus, the power reflectance is R ψ jr ss sin ψ r ps cos ψj 2 jr sp sin ψ r pp cos ψj 2
Here, R TE jr sp j 2 jr ss j 2 and R TM jr pp j 2 jr ps j 2 are the reflectance for the TE and TM waves, respectively; and R C Rer ss r ps Rer pp r sp , which is generally nonzero but can be either positive or negative due to cross polarization. Note that the incidence medium discussed here is assumed lossless, and all the materials are nonmagnetic. Equation (7) can be recast as
where
is the amplitude and R R TE R TM ∕2 is the average reflectance for TE and TM waves. The phase χ ∈ −π; π is determined by
Thus, the reflectance is a periodic function of the polarization angle with a period of π. This is expected, since the response of the structure under an illumination polarized at ψ π can be obtained by that of ψ with a phase delay of π. Thus, the reflectance (or transmittance to be shown later) is the same. The reflectance averaged over all polarization angles is the same as the reflectance for an unpolarized (or randomly polarized) incident wave, viz.,
Thus, the reflectance of an unpolarized wave is equal to the average reflectance of TE and TM waves. In fact, for any two linearly polarized incident waves with orthogonal polarizations, their reflectance average is equal to the reflectance of an unpolarized wave.
Another interesting conclusion is that, due to the phase χ, the reflection extrema do not necessary occur at TE or TM polarization incidence. Based on Eq. (8), the reflection maximum and minimum actually occur at ψ 1 π∕4 − χ∕2 and ψ 2 ψ 1 π∕2, respectively. After identifying the polarization status of the reflectance extrema, the reflectance for any polarizations can then be simply decomposed into the two reflection extrema as
where R max R A and R min R − A are the reflection maximum and minimum, respectively. R ψ follows an ellipse with a major axis of 2R max and a minor axis of 2R min . Equation (11) is similar to decomposing the electromagnetic field, and thus offers a handy method for the calculation of the reflectance of an arbitrary polarization. Also, it can be seen that the difference of the polarization angles of the two reflection extrema is always 90 deg. If the reflectances of TE and TM waves are identical (i.e., R TE R TM ), then χ 0 or π, so that the two reflection extrema occur at ψ 45 and 135 deg, respectively. However, it cannot be identified which one corresponds to the maxima because χ can be either 0 or π, depending on the sign of R C . If R C is positive, then χ 0 and the maxima occurs at ψ 1 45 deg; if R C is negative, then χ π and the maxima occurs at ψ 1 −45 or 135 deg.
As an example, Fig. 2 plots the normal reflectance contours for the two structures as a function of the wavelength and polarization angle. The geometric structure is based on Fig. 1 , and the parameters are as follows. Both of the metamaterial structures consist of a dielectric layer (Al 2 O 3 ) of thickness d 140 nm, sandwiched between an Lshape patterned 100-nm-thick gold layer and a gold ground plane that is opaque. The top metallic pattern repeats periodically in the x and y directions with the same period Λ x Λ y 3.2 μm. Also, the width is w 0.85 μm and the y-direction length is l y 1.7 μm for both structures. The only difference between the two structures lies in the x-direction length: l x 1.7 μm (symmetric) for Fig. 2a; and l x 1.275 μm (asymmetric) for Fig. 2b . This difference results in a different polarization dependence between the two structures. The dielectric function of gold is obtained from [43] , and the refractive index of Al 2 O 3 is set to 1.6, which is a good approximation of sapphire in the spectral range of interest. For the normal incidence in the considered wavelength range, only zero-order diffraction (specular reflection) contributes to the reflectance, since all highorder terms are evanescent modes that are confined to the near-field regime of the subwavelength structure. A more general case will be discussed in Sec. III. The commercial Lumerical Solutions FDTD software was used to compute the reflectance of the metamaterial structures. Figure 2 shows the strong polarization dependence of the reflectance, especially at the wavelengths when the two resonances are excited. A detailed discussion of the magnetic polaritons that are responsible for the resonance absorption can be found in work by Sakurai et al. [36] . For Fig. 2a , the first and second resonances are at 5.7 and 8.1 μm, respectively, and they shift to 4.9 and 7.0 μm in Fig. 2b for the asymmetric L-shape structure due to the effect of a shorter arm length in the x direction. The polarization-dependent reflectance at the resonance wavelength is shown in the following as an illustration of the previous analysis and the three-polarizationangle method.
The structure with l x l y is symmetric along the diagonals; thus, the reflection extrema occur at ψ 45 and 135 deg, as mentioned before. Furthermore, the reflectances of TE and TM waves are expected to be identical at normal incidence. This can be seen from second structure, since the symmetry is broken, the reflectances of TE and TM are not equal any more, as shown in Fig. 2b . Thus, the reflection extrema occur at polarization angles other than 45 or 135 deg. Using the Fresnel reflection coefficients from the simulation, one can calculate and show that the reflection maxima R max occurs at 110 deg for λ 4.9 μm and 18.6 deg for λ 7.0 μm, as shown by the reflection contour in Fig. 2b .
Moreover, the polarization dependence of reflectance can be determined from the reflectance of three different polarization angles in the range 0 ≤ ψ < π. For example, if R TE , R TM , and R ψ 0 are known, where ψ 0 is a polarization angle between 0 and 90 deg, the term R C can be solved from Eq. (7). Furthermore, since the phase χ can also be determined, one can easily identify the polarization status of the reflectance extrema and then determine the eigenpolarizations. For instance, the reflectance for the second structure at λ 7.0 μm and ψ 45 deg is 0.774. Using this value together with R TE and R TM , one can obtain R C 0.289, which is the same as obtained from Fresnel's reflection coefficients. Furthermore, R max 0.964, R min 0.006, and ψ 1 18.6 deg can also be determined. Then, the reflectance as a function of the polarization angle can be accurately obtained using either Eqs. (7), (8), or (11) , as shown in Fig. 3 with markers, along with the results for λ 4.9 μm using the same procedure. If the reflection spectra for TE, TM, and another polarization can be obtained from simulations or experiments, then the same calculation can be repeated for each wavelength; thus, the reflection contours shown in Figs. 2a and 2b can be reproduced based on the three-polarization-angle method.
For a semitransparent subwavelength periodic structure, under the same incident wave as described by Eq. (1) and illustrated in Fig. 1a , the transmitted electric field can be expressed as
where the superscript t denotes transmission, andŝ andp are defined in terms of the wave vector of the transmitted wave similar to the reflected wave. The general Fresnel transmission coefficients are defined by t αβ C β ∕A α , where α s; p and β s; p. For an incidence with polarization angle ψ and unit field amplitude as expressed in Eq. (5), one obtains E t ψ t ss sin ψ t ps cos ψŝ t t sp sin ψ t pp cos ψp t (13) Thus, the power transmittance is [39, 40] T ψ jt ss sin ψ t ps cos ψj 2 Re k
where ε is the dielectric function, and k z is the z component of the wave vector. By defining
and
Ret ss t ps (17) Eq. (14) can be written as
Here, T TE and T TM are the transmittance for TE and TM waves, respectively. Since Eq. (18) has the same form as Eq. (7), all the previous discussions for reflection can be repeated for the transmittance. Hence, the transmittance is also a sinusoidal function of the polarization angle. Here, two metamaterial surfaces in a vacuum environment made of L shapes are used to demonstrate the transmittance as a function of the polarization angle in the same coordinate as with the reflectance analysis. Those metamaterial surfaces are made of the same L-shape gold patterns as shown in Fig. 1 , without the dielectric layer and the ground plane. The normal transmittance contours are shown in Figs. 4a and 4b for l x 1.7 and 1.275 μm, respectively, keeping the period, thickness, and ydirectional length the same as for Fig. 2 . The resonance at λ 3.2 μm is due to surface plasmon polaritons [3] , and the other two resonances can be attributed to the localized plasmonic resonances associated with the L shape [34] . Due to the relatively short arm in the x direction, the two localized resonances shift toward shorter wavelengths in Fig. 4b compared with Fig. 4a . Due to symmetry, the transmittance extrema in Fig. 4a occur at ψ 45 and 135 deg, but they are at about ψ 110 and 20 deg for Fig. 4b at λ 3.2 μm. These results can also be obtained with the three-polarization-angle method from the transmittance of TE, TM, and another polarization. The contour plots can thus be reproduced if the transmittance at three different polarization angles is known at each wavelength. The procedure is similar to that for the reflectance and will not be repeated here. Note that the preceding analysis is valid for all incident directions and not just the normal direction, even though the reflectance and transmittance contours shown here are for normal incidence.
III. Diffraction with Multiple Propagating Orders
The preceding discussion assumes that only the zero-order (specular) diffracted wave is a propagating wave, whereas all high orders are evanescent waves that do not carry energy in the far field. As discussed next, this assumption is not necessary and the diffraction efficiency for each order as well as the directionalhemispherical reflectance for diffracted waves follow a similar trend. This still holds for practical fabricated structures as long as scattering due to surface roughness, inhomogeneity, and other irregularities is negligibly small [44] .
At large incident angles, the two-dimensional periodic metamaterial structure, shown in Fig. 1 , can reflect multiple propagating waves that are not necessarily in the POI but in the planes of diffraction [3, 40] . These diffraction orders may be denoted as m and n in the x and y directions, respectively. If the incident wave is described by Eq. (5), then the electric field of the mn-th reflected order can be expressed as Equation (20) has the same form as Eq. (7); therefore, the DE for each order is a sinusoidal function of the polarization angle with a period of π. However, the phase and diffraction efficiency extrema would, in general, be different for different orders, though the diffraction efficiency extrema still occur at a pair of orthogonal polarization states for different orders. For example, Fig. 5 illustrates the DE as a function of the polarization angle for the second structure with ϕ 0 and θ 45 deg. In this direction, the (0, 0) and −1; 0 orders of the reflected wave are propagating and they have different phases, as the figure shows. The directional-hemispherical reflectance (DHR) (or, simply, reflectance) can be obtained by adding the DE of each order:
where R TE , R TM , and R C are the summation of R TE;mn , R TM;mn , and R C;mn of all orders. Therefore, R TE and R TM are the reflectances of TE and TM waves, respectively. Equation (21) is similar to Eq. (7), where only one order is propagating; thus, the DHR is always a sinusoidal function. Similarly, the DHR and DE can be reproduced by using the three-polarization-angle method from the DHR and DEs of three different polarizations. For instance, the markers in Fig. 5 (20); thus, the conclusions for reflection DEs also hold for transmission DEs.
Furthermore, since the reflectance is a sinusoidal function of the polarization angle, if three different polarization angles that have the same reflectance can be found in the range 0 ≤ ψ < π, then R TE R TM and R C 0. Thus, the reflectance becomes independent of polarization angle. For instance, the L-shape pattern in Fig. 1 is replaced by regular polygon patterns, as shown in the insets of Fig. 6a to 6c, where an equilateral triangle, a square, and a regular pentagon pattern are used, respectively. Due to the symmetry, the reflectance at normal incidence is expected to be equal when the electric field of the incident wave is along the directions of 45 and 135 deg. A third polarization angle (e.g., 90 deg) can be used to check the polarization dependence. As it turned out, the normal reflectance is polarization independent; this is also confirmed by the contour plots shown in Fig. 6 , obtained from the FDTD simulations. Other symmetrically patterned structures like crosses [12] and fishnets [21] also exhibit polarization independence. Similar rules also hold for semitransparent anisotropic metamaterials for which the transmission is of interest.
IV. Conclusions
The reflectance and transmittance of a linear polarized wave are shown to be sinusoidal functions of the polarization angle. The two reflectance (or transmittance) extrema occur at a pair of orthogonal polarization states called eigenpolarizations. Furthermore, for an arbitrary polarization status, the reflectance and transmittance, as well as the diffraction efficiency of each diffracted order, can be determined using the three-polarization-angle method. This work helps the understanding of the polarization dependence of reflectance or transmittance of anisotropic nanostructures and facilitates the investigation of the eigenresonances in metamaterial structures and their potential applications for polarization control.
